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Abstract: The k-distance degree index (Nk-index) of a graph G have been introduced in 
[11], and is defined as N,(G) = pes) eve di(v)) - k, where dzg(v) = |Nx(v)| = 
|(u € V(G) : d(v,u) = k}| is the k-distance degree of a vertex v in G, d(u, v) is the distance 
between vertices u and v in G and diam(G) is the diameter of G. In this paper, we extend 
the study of Nk-index of a graph for other graph operations. Exact formulas of the N;,-index 
for corona G o H and neighborhood corona G x H products of connected graphs G and H 
are presented. An explicit formula for the splitting graph S(G) of a graph G is computed. 
Also, the N;-index formula of the join G+ H of two graphs G and H is presented. Finally, 


we generalize the N;-index formula of the join for more than two graphs. 
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61. Introduction 


In this paper, we consider only simple graph G — (V, E), i.e., finite, having no loops no multiple 
and directed edges. A graph G is said to be connected if there is a path between every pair of its 
vertices. As usual, we denote by n — |V| and m — |E| to the number of vertices and edges in a 
graph G, respectively. The distance d(u, v) between any two vertices u and v of G is the length 
of a minimum path connecting them. For a vertex v € V and a positive integer k, the open k- 
distance neighborhood of v in a graph G is N,(v/G) = {u € V(G) : d(u,v) = k} and the closed 
k-neighborhood of v is N,[v/G] = Ni (v)U(v). The k-distance degree of a vertex v in G, denoted 
by di(v/G) (or simply dk (v) if no misunderstanding) is defined as 4, (0/О) = |Ny(v/G)|, and 
generally, a Smarandachely k-distance degree 41 (v/G : S) of v on vertex set S C V(G) is 
d&(v/G) € |Nx(v/G : S), where N&(v/G : S) = {u € V(G)NS : d(u,v) = k}. Clearly, 
dy(v/G : 0) = 4,(ә/О) and di(v/G) = d(v/G) for every v € V(G). A vertex of degree equals 
to zero in G is called an isolated vertex and a vertex of degree one is called a pendant vertex. 


The graph with just one vertex is referred to as trivial graph and denoted K1. The complement 
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G of a graph G is a graph with vertex set V(G) and two vertices of G are adjacent if and 
only if they are not adjacent in G. A totally disconnected graph K,, is one in which no two 
vertices are adjacent (that is, one whose edge set is empty). If a graph G consists of s > 2 
disjoint copies of a graph H, then we write G — sH. For a vertex v of G, the eccentricity 
e(v) = max(d(v,u) : u € V(G)). The radius of G is rad(G) = min{e(v) : v € V(G)} and 
the diameter of G is diam(G) = max{e(v) : v € V(G)}. For any terminology or notation not 
mention here, we refer the reader to the books [3, 5]. 


A topological index of a graph G is a numerical parameter mathematically derived from 
the graph structure. It is a graph invariant thus it does not depend on the labeling or pictorial 
representation of the graph and it is the graph invariant number calculated from a graph repre- 
senting a molecule. The topological indices of molecular graphs are widely used for establishing 
correlations between the structure of a molecular compound and its physic-chemical proper- 
ties or biological activity. "The topological indices which are definable by a distance function 
d(.,.) are called a distance-based topological index. All distance-based topological indices can 
be derived from the distance matrix or some closely related distance-based matrix, for more 


information on this matter see [2] and a survey paper [20] and the references therein. 


'There are many examples of such indices, especially those based on distances, which are 
applicable in chemistry and computer science. The Wiener index (1947), defined as 


W(G) = 5 d(u, v) 


{uv} cv(G) 


is the first and most studied of the distance based topological indices [19]. The hyper-Wiener 


index, 
ww(a)- 5 5. v) + 2(u,v)) 
was introduced in (1993) by M. Randic [14]. The Harrary index 
(uv) cv | 


was introduced in (1992) by Mihalic et al. [10]. In spite of this, the Harary index is nowadays 


defined İS, 12] as 
1 
2 
[u,vjev 





The Schultz index 
S(G)= X; (а(а) +d(v))d(u, v) 
[u,v)cV 
was introduced in (1989) by H. P. Schultz [16]. A. Dobrynin et al. in (1994) also proposed the 
Schultz index and called it the degree distance index and denoted DD(G) [1]. S. Klavzar and 
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I Gutman, motivated by Schultz index, introduced in (1997) the second kind of Schultz index 


S'(G)- M d(u)(v)d(u, v) 


{u,v}oV 


called modified Schultz (or Gutman) index of G [9]. The eccentric connectivity index 


€” = V ^ d(v)e(v) 


әбу 


was proposed by Sharma et al. [17]. For more details and examples of distance-based topological 
indices, we refer the reader to [2, 20, 13, 6] and the references therein. 

Recently, The authors in [11], have been introduced a new type of graph topological index, 
based on distance and degree, called k-distance degree of a graph, for positive integer number 
k > 1. Which, for simplicity of notion, referred as N;-index, denoted by N&(G) and defined by 


diam(G) 


Ni(G) = 5 5 d,(u) | -k 


k=1 veV(G) 


where dp (vu) = d,(v/G) and diam(G) is the diameter of G. They have obtained some basic 
properties and bounds for N;-index of graphs and they have presented the exact formulas for 
the N,-index of some well-known graphs. They also established the N;,-index formula for a 
cartesian product of two graphs and generalize this formula for more than two graphs. The k- 
distance degree index, N&(G), of a graph G is the first derivative of the k-distance neighborhood 
polynomial, NL (G, x), of a graph evaluated at = 1,see ([18]). 

The following are some fundamental results which will be required for many of our argu- 
ments in this paper and which are finding in [11]. 


Lemma 1.1 Forn > 1, N,(Ka) = Ni(K1) = О. 
Theorem 1.2 For any connected graph G of order n with size m and diam(G) = 2, М.(О) = 
2n(n — 1) — 2m. 


Theorem 1.3 For any connected nontrivial graph G, МС) is an even integer number. 


In this paper, we extend our study of Nk-index of a graph for other graph operations. 
Namely, exact formulas of the /V,-index for corona Go H and neighborhood corona G x Н 
products of connected graphs G and H are presented. An explicit formula for the splitting 
graph S(G) of a graph G is computed. Also, the Nk-index formula of the join G + H of two 
graphs G and H is presented. Finally, we generalize the Nk-index formula of the join for more 
than two graphs. 


82. The N;-Index of Corona Product of Graphs 


The corona of two graphs was first introduced by Frucht and Harary in [4]. 
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Definition 2.1 Let G and H be two graphs on disjoint sets of nı and nə vertices, respectively. 
The corona Go Н of G and H is defined as the graph obtained by taking one copy of G and ni 
copies of H, and then joining the if" verter of G to every vertex in the it copy of H. 


It is clear from the definition of G o H that 


n = |V(Go H)| = ni nun, 
m = |E(Go H)|= mı 4 ni(nə -- mə) 


and 
diam(G o H) = diam(G) + 2, 


where ma and mə are the sizes of G and H, respectively. In the following results, H7, for 
1 < j < n, denotes the copy of a graph H which joining to a vertex v; of a graph G,i.e., 
H? = (vj) o H, D = diam(G) and di (v/G) denotes the degree of a vertex v in a graph G. Note 


that in general this operation is not commutative. 


Theorem 2.2 Let G and H be connected graphs of orders nj and n3 and sizes mı and mə, 
respectively. Then 


N,(Go H) = (1 4 2n2 + n3) Nz(G) + 2n3n2 (ni + nina — 1) — 2nimə. 


Proof Let G and H be connected graphs of orders n; and mə and sizes mı and тә, 
respectively and let D = diam(G), n = |V (Go H)| and m = |E(Go H)|. Then by the definition 
of G o H and for every 1 € k € diam(G o H), we have the following cases. 


Case 1. For every v € V(G), 


dy(v/G o H) = dk(v/G) + nady 1(v/G). 


Case 2. For every u € HÍ, 1 < j < m, 
e di(u/Go Hi) 2 1 + dı(u/H); 
ә do(u/G o H?) = di(v;/G) + (nə — 1) — di(u/ H); 
e di (u/G o H?) = dy (o) /G) + nodi 2(v;/G), for every 3 € k € D 4 2. 
Since for every v € V(G o H) either v € V(G) or v € V(H?), for some 1 € j € m, it 


follows that for 1 € k € diam(G o H), 


УС dk(v(/GoH)= V; di(v/Go H) - 7 M di(u/G o Hü). 


v€V(GoH) vEV (G) j=1 uE V (Hi) 
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Hence, by using the hypothesis above 

















diam(GoH) 
N,(GoH)- M | 27 div/GoH)|k 
k=1 v€V(GoH) 
D+2 
= | yod k(v/G o H) EY) 5 dı, (u/G o H?) 
k=1 LveV(G) j—1lucV(H?) 
D+2 D+2 | ni 
-EL Y (as v/G) + nady.1 (v/G)) | +> >) Xod —.I 
k=1 Lvev(G) k=1 Lj=1 ueV (Hi) 
D+2 D+2 
= УС ( di(v/G)).k +n 3 ( Y di1(v/G))k 
kel  veEV(G) kel  veEV(G) 
E ә (id (m) «Y Y (a (v;/G) + (n 2 —1) - d(u/ Hi))2 
j—-lucV(H?) j—lucV(H?) 
D+2 mı 
ab » (4:-(e,/G) + n2dy-2(v;/G)) k 
k=3 Lj=1 ueV(Hi) 





“| 35 aod) 5 dpat/G)) D) ( Уј dv y2(v/G))(D +2) 
k— 


1 vcV(G) veV(G) veV(G) 





D 
= У:( X aG/G)k 0x0 = ХЫС). 


D+2 











гат > ( »3 dı— 1(v/G)) k 
kel  veV(G) 
“m 27 do(v/@))1+( M7 di(v/G)).2+---+( M5 dp(v/G)(D +1) 
vEV (G) vEV (G) vEV (G) 
D 
(Ӱс dpyi(v/G))(D+2)} =n2|n = 3 37 di(v/G))(k 1) +0 
vEV (G) k=1 veV(G) 
D D 
=m|m + MI de(vo/@)k+ M ( 92 di(v/G)1 
k=1 veV(G) k=1 veV(G) 








= n» 





nı + Ng (G) +ni(nı = vl . 
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Thus, z = (1 + n3) N,(G) + ning. Also, set y = yı + yo + y, where 


à = ” ҜӘ (1 + di( (u/ H))1 = nina + 2mimə, 
j—1ucV(H?) 
yo = x a. (di(vj/G) + (nz — 1) — di(u/ H))2 = 2(дтапә + nima (n2 — 1) — 2nimə) 














k=3 Lj-1ueV(Hi) 
D4+27 m D+2 | m 

= ə $5 (ааву6)) FER X XD (a-ə(,/G))ik 
k=3 LömlueV(Hi) k=3 Lj—lucV(H?) 














D+2 nı D+2 ni 
Ы (Уаасид)ы e 8| Y (Ујасабу/д))к 
=3 j=l k=3 j=1 
Now set ya = y3 + y3, where 
D42 ni 
Y3 -ra| X ctun kk 
k=3 ј=1 
= “| 97 di(v/G)3 ( M] da(v/G)A (УС dp(v/G)(D & 1) +0 
v€V(G) vEV (G) vEV(G) 





“miyy ( M di(o/G)(k 1) -( M5 di(e/G))2 


k=1 veV(G) 2. 





= ma] 4 27 di(v/G) ee 27 dv/G)1-( M] di(v/G))2 


k=1 veV (G) kl veV(G) vEV (G) 


- nəN,(G) + minə(ni = 1) — 4m1na, 
and similarly 
ni 


D+2 
n= S (X (de-2(0;/0))k 


k=3 j=1 








D 
=n? iy M de(v/G))(k + 2) 


1 vEV(G) 


= n3Nx(G) + 2nyn2(n4 — 1). 


Thus, y3 = (n2 + ng) NX(G) + ninə(ni — 1) — 4myng + 2nin3(ni — 1). 


Accordingly, 





y= (n2 + n3)N&(G) + 2n?n2 ning 2n4n3 — 2nimə 
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and 
Ny(G o H) 2 z 4 y. 


Therefore, 





Nz (Go H) = (1 + 2n2 + n2)N:(G) + 2ninə(ninə + ni — 1) — 2nimə. 











Corollary 2.3 Let G be a connected graph of order n > 2 and size m > 1. Then 


(1) «(Ki o G) = 2(n? — m); 

(2) Nk(G o K1) = AN&(G) + 2n(2n — 1); 

(3) N,(G o Kp) = (12-2p - p?) NX (G) 4-2pn(pn 4- n — 1), where K, is a totally disconnected 
h 


graph with p > 2 vertices. 


83. The N;-Index of Neighborhood Corona Product of Graphs 


The neighborhood corona was introduced in [7]. 


Definition 3.1 Let G and H be connected graphs of orders nı and nə, respectively. Then the 
neighborhood corona of G and H, denoted by Gx H, is the graph obtained by taking one copy 
of G and n, copies of H, and joining every neighbor of the if" vertex of G to every vertex in 
the i” copy of H. 


It is clear from the definition of G o H that 
e In general G x H is not commutative. 
e When H = Ki, Gx Н = S(G) is the splitting graph defined in [?]. 
e When G = K, G« H 2 GU H. 
e n — İV(G x H)| = ni Eninə 


; 3, if diam(G) < 3; 
e diam(G x H) — 
diam(G), if diam(G) > 3; 
In the following results, HJ, for 1 < j < ni, denotes the /”” copy of a graph H which corre- 
sponding to a vertex ој of a graph G, i.e., HÍ = (vj) « H, D = diam(G) and dk (v/G) denotes 
the degree of a vertex v in a graph G. 


Theorem 3.2 Let G and H be connected graphs of orders and sizes пл, nə, m1 and mə respec- 
tively such that diam(G) > 3. Then 


NX(G x H) = (1+ 2n2 + n2) Ng (G) + 2n2(ni + mà) + 2n1(n2 — mə). 
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Proof Let G and H be connected graphs of orders and sizes n1, mp, n2 and m» respectively 
and let (v1, v5,--- , Оһ, | and Гил, ид: ,u5,] be the vertex sets of G and H respectively. Then 
for every w|inv(G x H) either w =v € V(G) or w = u € V(H). Since, for every v € V(G), 


| 


İN: (v/G x H)| 
dı(v/Gx H) 


[Ni (v/G)| + |V(A)I|Ni (v/G)) 
di(v/G) + nədi (u/G) 
(1 + n2)di (v/G) 


| 


| 


and for every ue V(H?), 1 < j ni 


İN (u/G x H?)| 
di(u/G x Hi) 


| 


|Хи(и/Н)| + |N1(v;/G)], 
di(u/ H) + di(vj/G). 


| 


Thus, for ever w € V(G x Н) 


27 di(w/G*H) = УС di(v/G« H) EY) S di(u/G* Hü) 


w€V(GxH) veEV(G) j=l .... 


— 5 (1 + n2)di(v/G) mə ус ( (di (u/ H?) + di(v;/G)) 


vEV (G) j=l uE V (Hi) 
= (l-nə) > di(v/G) əəə v;/G) 
veV(G) j=l 


= (1+2n2) M di(v/G) 4 2n — 1ma. 
vEV (G) 





Similarly, we obtain 


|N2(v;/G x H)) 
do(v;/G « H) 


[Na(v;/G)| + |VGT?)| + |VGT?)||N2(v;/G)]; 
do(vj/G) + n» + nada(v/G) 
(1 + n3)da(v/G) + n2 


| 


| 


| 


for every vj € V(G), 1 € j € ni, and 


|No(u/Gx HİN = (İV(H?) —1) — [Ni(u/ P?)| + {v} 
+|V(H’)||No(v;/G)| + |Ns(v; /G)) 
də(u/G  H?) — (nə — 1) — dı (u/ H) + 1 + nedo(v;/G) + də(v/G) 


1 


nə + dy(u/H) + (1 + nə)də(v) /G) 
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for every u € HÍ, 1 < j < nı. Thus, for ever w € V(G x Н), 


22 də(ufGx H)= 37 də(u/Gx Н) aS XO də(u/G x Hü) 


we€V(GxH) v€V(G) J=1 ucV(H?) 
= 5 [a + ng)dy(v/G) 4- na 
ә ğ 


if > Y [na + di (u/ H) + (1 + ng)di(v;/G) 


j—1lucV(H3) 


= (1-- nz 4- n2) 5 do(v/G) n4n2 Eminə — 2mimə. 
vEV (G) 








Also, for every v € V (G), da(v/G x H) = (1 + n2)d3(v/G) and for every u € V (HÏ), 
d3(u/G x H?) — mədi (uy /G) + (1 + n3)da(vj/G). 
Hence, For every w € V(G x Н), 


d3(w/GxH) = (1 -4-пә n) 5 da(v/G) 
vEV (G) 


+n3 M di(v/G). 


vEV(G) 


By continue in same process we get, for every 4 € k < diam(G x H), that is, for every 
v € V(G), 
d,(u/G x H) — (1 + n3)dk(v/G) 


and for every u € V(H?), 
di(u/G x Hi) = (1 +n + 2)dk(vj/G), 
and hence for every w € V(G x H), 
dy(w/G x H) = (1 + 2na + n2)d,(v/G). 
Accordingly, 


D 
k(G x H) ил NS di (w/G x H)) k 


kol weV(GxH) 


= 5 dı(w/Gx H))1+ 5 do(w/G x H))2 + 


wEV (GxH) wEV (GxH) 


+ УС dö(u/fGxH))D 


wEV (GxH) 
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= [(1 + nə) За d (v/G) + 2nyma] 1 





vEV (G) 
+ [0+2 +73) Уј do(v/G) + nn? + nn 
vEV (G) 
-?nmj] 24 [(1 + 2n; 4-3) Y^ аја) 2 Y d (o/G)) 3 
vEV (G) vEV (G) 
+ |(а + 2n2 + n2) Y d.(v/G) 4k | 4-2 + nd) Y dp(v/G) D 
veV(G) veV(G) 
= (1 -- 2па  n£)| 27 di(o/G) 14 M аә(о/С)2 M; dp(v/G) Dİ 
v€V(G) vEV (G) vEV (G) 
+ [n D di(v/G) + 2nyma) 1 + (nin? + ning — 2nimə) 2 
vEV (G) 
+(ns M di(v/G)) 3 
veV(G) 











= (1+ 2na + n2) Ng (G) + 2n2(n; + та) + 2ni(n2 — mə). 





Corollary 3.3 Let G be a connected graph of order n > 2 and size m and let S(G) be the 
splitting graph of G. Then 


Ny(S(G)) — AN&(G) + 2(2n + m). 


84. The N;-Index of Join of Graphs 


Definition 4.1([5]) Let Gi and G2 be two graphs with disjoint vertex sets V(G1) and V(G2) 
and edge sets E(G,) and E(G2). Then the join G4 + Gə of Gi and Gə is the graph with vertex 
set V(G1) UV(G2) and edge set E(G1) U E(G2) U (uv|u € V(Gi)&v € V(Gə)). 


Definition 4.2 It is clear that, G1 + Gə is a connected graph, n = |V (Gi + G3)| = |V(G4)| + 
[V(G3)|, m = |E(Gi + Gə)l = |V(G1)]|V(G23)| + |[E(G3)| + |E(G2)| and diam(Gi + Gə) < 2. 
Furthermore, diam(G + Gə) = 1 if and only if Gi and G2 are complete graphs. We denote by 
dy(v/G) to the k-distance degree of a vertex v in a graph G. 


Theorem 4.2 Let G and H be connected graphs of order ny and nə and size mj and mə, 


respectively. Then 


mı na 


N&(G + H) =4( 5 


) — 2(n1n3 + Mı + mə). 











Proof 'l'he proof is an immediately consequences of Theorem 1.2. 





Since, For any connected graph G, G+ Kı = Kı +G = K,0G then the next result follows 
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Corollary 2.3. 
Corollary 4.3 For any connected graph G with n vertices and m edges, 


Nu(G + K1) = 2(n? — m). 


'The join of more than two graphs is defined inductively as following, 
G4 + G3 o + Gi = (Gi Gə +- + Gi) + Gi 


for some positive integer number t > 2. We denote by pdt Gi to G4 + G3 +--+ Gi. It is 
clear for this definition that 


e n-[VOLa Gi) = Xa IV(G3)- 
ә m= [EQ La Gül = Xia IEG) + Die IV GO DA IV (81). 
ә diam(Y,, , Gi) x 2. 


Accordingly, we can generalize Theorem 4.2 by using Theorem 1.2 as following. 











Theorem 4.4 For some positive integer number t > 2, let G1, G2,- -+ , Gt be connected graphs 
of orders n1,N2,°++ , n4 and sizes my, mə, nl, mə, respectively. Then 
t yə ə t t 1—1 
NO G) = ( p. Ҹ R ib. + oni | s) 
1=1 i=l 1=2 )=1 
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